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ABSTRACT: Polymer blends, mixtures, or block copolymers can be cross-linked in a homogeneous state
forming a multicomponent network. Upon cooling such network, the repulsion between different
components may lead to a microphase separation into regions rich in each of these components. The
main difference of the microphase separation in multicomponent networks from, say, that in block
copolymers is that there are quenched random elastic forces acting on the microphase regions from the
cross-links of the network. We demonstrate that these forces destroy the long-range order of micro-
structures in undeformed or isotropically swollen network. The system is broken into correlation regions
significantly larger than the period of microstructures. The long-range orientational order appears upon
anisotropic deformation of the network.

1. Introduction

Blending chemically different polymers is an impor-
tant practical way of making materials with improved
properties.1 The main problem in preparations of such
materials is that polymers tend to macrophase separate
due to their incompatibility. One possible way to
prevent macrophase separation is to cross-link polymers
in the mixed state. Cross-linked polymer blends can
only microphase separate on length scales of the net-
work mesh size.2 This method of improving miscibility
by cross-linking polymer blends has been discussed in
a number of recent papers.3-12 These works studied
blends, cross-linked in a homogeneous state, and focused
mainly on the stability of this state. It was demon-
strated both theoretically2-9 and experimentally11,12 that
cross-linking makes the homogeneous state significantly
more stable. As the boundary of stability of this state
(spinodal) is approached, the composition fluctuations
increase at length scales of the order of the network
mesh size. The corresponding peak in the scattering
function was predicted theoretically2 and observed in
recent experiments.11,12

Thus, the onset of microphase separation from the
homogeneous state of the cross-linked blends has been
well understood. On the other hand, the structure of
the microphase-separated state has been studied in
much less detail. Computer simulation of microphase
separation in interpenetrating binary polymer networks
has been performed by Schulz et al.13 The mean field
theory of the microphase-separated state for such
networks has been developed by Schulz9 on the basis of
the Leibler approach.14 This class of theories predicts
the formation of ordered periodic superstructures with
different symmetries, such as lamellar, cylindrical, and
spherical mesophases similar to those in melts and
solutions of block copolymers. But there is a qualitative
difference between translationally invariant solutions
or melts and polymer networks with broken transla-
tional invariance due to randomness of cross-linking
process. It is therefore very interesting to find out how

this broken translational invariance affects the mi-
crophase separation process in networks. This impor-
tant question is the subject of the present paper.
Consider a network, prepared from a mixture of

chains A and B above their phase separation transition.
If we cool the network below a certain temperature, the
chains would tend to phase separate. Cross-links
prevent macrophase separation, and chains can only
move apart on microscopic scales of the order of network
mesh size, forming domains of increased fractions of
either chain A or B.2 Below we demonstrate that these
microscopic domains in an undeformed network orga-
nize themselves into a microstructure with only finite-
range order, while the long-range orientational order
appears upon anisotropic macroscopic deformation of
the network.
The physical reason for such phenomenon is the

existence of quenched random stresses in any real
network. In the process of microphase separation a
given chain is displaced, locally stretching the network.
Thus, there is a returning force acting on this chain from
the network through its cross-links. To form an ordered
microstructure, different chains have to be displaced
from their original average positions, determined during
the random cross-linking process. Thus, there are
random forces acting on the microstructure from the
network and destroying long-range order.
In section 2 we present a theory of microphase

separation in undeformed networks. In section 3 we
propose a simple one-dimensional model which provides
simple physical picture of the destruction of long-range
order due to quenched random forces. The appearance
of long-range orientational order in anisotropically
deformed network is demonstrated in section 4. This
interesting effect can be observed in scattering experi-
ments. The scattering function from these deformed
networks is presented in section 5. In section 6 we
summarize our main results and propose experiments
to verify them.

2. Undeformed Networks

If random forces in a network are neglected, the
microphase separation results in an ordered microstruc-
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ture. For simplicity, we consider a strongly segregated
lamellar mesophase which, in ideal state, is a one-
dimensional lattice say, along the z-axis. The deforma-
tion of the lamellar structure from this ideal state can
be described by the displacement field u(r)16 that defines
the deviation of a lamella at position r in the z-direction
(see Figure 1). Obviously, this displacement field can
only be defined in the regime where the superstructure
does not deviate significantly from the ideal one. The
free energy of such deformation can be expanded in
powers of the displacement field and its derivatives.
We first consider the part of the free energy indepen-

dent of the quenched disorder. First-order derivatives
of u(r) in directions parallel to lamellar planes cor-
respond to mere rotations of the system. Since such
rotations do not change the energy of an isotropic
system, they do not contribute to the free energy of an
undeformed or an isotropically deformed network. Thus,
only the first-order derivative in the direction perpen-
dicular to the planes (∂u/∂z), corresponding to compres-
sion or expansion of lamellar thickness, enters the free
energy. The second-order derviatives (∂2u/∂x2 + ∂2u/
∂y2) correspond to the bending of the lamellar planes
and thus cost energy. Therefore, the lowest order
contributions to the free energy from the derivatives of
u in the directions parallel and perpendicular to planes
are

This is the well-known form of the free energy of
lamellar and smectic structures,16 where B is the layer
compressibility modulus and K is the splay elastic
coefficient. The layer compressibility B is of the order
of network modulus

where kB is the Boltzmann constant, T is the absolute
temperature, F is the total monomer density, and N is
the degree of polymerization between neighboring cross-
links (we assume that N is the same for both chains of
type A and B). The splay constant K is of the order of

where the layer thickness d is of the order of the size of
a typical chain2 with N monomers each of length a

The main additional feature of the network is the
presence of the forces acting on the displaced (stretched)
chains from randomly placed cross-links.17 The contri-
bution of these random forces to the free energy is the
term, linear in displacement field, u

where f(r) is the force per unit volume acting on the
lamellar at a point r. This density of force f(r) can be
taken to be a Gaussian random variable with zero
average f(r) ) 0 and δ-function correlations

The bar denotes the averaging over quenched random-
ness or, alternatively, averaging over the sample vol-
ume. The value of g is related to the mean-square
fluctuations of the random force F ) ∫ dr f(r) acting on
the mesh volume d3, occupied by a chain. From eq 6 it
is easy to see that g = F2/d3. The typical magnitude of
the random force F with zero average can be estimated
as (Fd3/N)1/2(kBT/d), where Fd3/N is the average num-
ber of chains in the volume d3 and kBT/d is the force
necessary to stretch a typical chain of size d (mesh size)
by approximately factor of 2, in order to place it into an
appropriate lamella. Therefore

Combining the contributions to the free energy from
the deformations of lamellar structure, eq 1, and
random forces, eq 5, we obtain15

Note that the gradient terms in the free energy
(square bracket in eq 8) tend to stabilize the order, while
the random force term, eq 5, tends to disorder the
lamellar structure. The resulting equilibrium displace-
ment can be found by minimizing the free energy (eq
8). It is more convenient to carry out this minimization
in Fourier space. Let us define the Fourier components
of the displacement field u and of the random force
density f

The free energy F (eq 8) can be rewritten in terms of
these Fourier components

where the projection q⊥ of wave vector q into xy plane
is defined by q⊥

2 ) qx2 + qy2. Minimizing this free
energy with respect to displacement uq, we find

The degree of order (or disorder) in the lamellar
structure can be characterized by the correlations

Figure 1. Displacement field u(r), defined as a deviation in
the z-direction of a lamella at point r from the ideal structure.

1
2∫ dr [B(∂u∂z)2 + K(∂2u

∂x2
+ ∂

2u
∂y2)

2] (1)

B = kBTF/N (2)

K ≈ Bd2 (3)

d = aN1/2 (4)

- ∫ dr f(r) u(r) (5)

f(r) f(r′) ) gδ(r-r′) (6)

g = (F/N)(kBT/d)
2 (7)

F ) ∫ dr {12 [B(∂u∂z)2 + K(∂2u
∂x2

+ ∂
2u
∂y2)

2] - f(r) u(r)}
(8)

uq ) ∫ dq
(2π)3

u(r) exp(-iqr),

fq ) ∫ dq
(2π)3

f(r) exp(-iqr) (9)

F ) ∫ dq
(2π)3 {12 (Bqz2 + Kq⊥

4)uqu-q - fqu-q} (10)

uq )
fq

Bqz
2 + Kq⊥

4
(11)
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between displacements at positions r and r′. The

displacement correlation function [u(r) - u(r′)]2 is the
average of the square of the relative displacement in
the z-direction of lamellae at r and r′ with respect to
their ideal spacing. The displacement correlation func-
tion can be expressed in terms of Fourier components
uq as

Using eq 11 for equilibrium displacement we obtain

From the δ-function correlations of random forces (eq
6) we find

The fact that this integral diverges at small q implies
that displacement correlations are lost at large dis-
tances. In order to define a displacement field u, one
has to assume the existence of the meaningful reference
ideal state. If the structure is disturbed very far from
this ideal state, the displacement field u is ill-defined.
The parts of the space where the displacement field is
well-defined are called correlation regions. The sizes
of these correlation regions êx

or ≈ êy
or and êz

or determine
the wavelengths of the cutoff of the integral in eq 14
along the corresponding directions. From the denomi-
nator of eq 14 we see that the cutoffs qx

cut ≈ 1/êx
or and

qy
cut ≈ 1/êy

or are related by B(qz
cut)2 ≈ K(qx

cut)4 (see page
354 of ref 16 for more detailed discussion). From the
relation (3) between splay constant K and layer com-
pressibility B we conclude that correlation regions are
elongated along the z-direction

Calculating the integral (14) with these cutoffs leads to
the displacement correlation function proportional to the
size êz

or of the correlation region of the sample in the
z-direction

where

Substituting the estimates of the random force correla-
tor g (eq 7), layer compressibility B (eq 2), and splay
constant K (eq 3), into eq 17 we get

From the displacement correlation function (16) we
can estimate the sizes êx

or = êy
or and êz

or of the correla-

tion regions. These regions where the displacement
field is well-defined are the parts of space where the
normals to lamellar planes are rotated by the angles
less than π/2 with respect to the ideal state (see Figure
2). Let us first analyze the displacement field in the
x-direction. In order for layers to turn by the angle
π/2 on the length scale êx

or, the displacement has to be

of the same order of magnitude [u(êx
or) - u(0)]2 =

(êx
or)2. Therefore, from eq 16 we conclude that

From eqs 15 and 19 we get

Let us describe the physical picture proposed above.
The orientational order of lamellar planes is well-
defined only in the asymmetric correlation regions of
the size êx

or = êy
or < êz

or; see eqs 19 and 20. The lamellar
planes are randomly rotated on larger length scales, and
the directions of the normals to planes are uncorrelated
between different correlation regions. The translational
order exists only at distances along the normal at which
the displacement correlation function is smaller than
the square of the lamellar thickness. The condition

[u(êz
tr) - u(0)]2 = d2 defines the correlation length of

the translational order. Using eq 16 we find

Thus, in undeformed polymer networks there are only
short-range orientational and translational orders with
the correlation lengths êz

or and êz
tr, respectively (in

z-direction).

3. Simple Model
It is interesting to point out that the correlations on

length scales smaller than êz
or are affected by the size

of the whole correlated region êz
or (see eq 16). In order

to understand this unusual dependence of the displace-
ment correlation function on the size êz

or, let us discuss
a simple model with similar behavior. Consider a one-
dimensional regular array of L beads equally spaced
along the z-axis and connected to their nearest neigh-

Figure 2. Distorted conformation of the lamellae under the
influence of random forces from the network. The correlation
region is sketched by the rectangle with dimensions êz

or and
ê⊥
or (the orientational correlation lengths).

[u(r) - u(r′)]2 ) 2 ∫ dq
(2π)3

uqu-q {1 - cos [q(r-r′)]}

(12)

[u(r) - u(r′)]2 ) 2 ∫ dq
(2π)3

fqf-q
(Bqz

2 + Kq⊥
4)2
×

{1 - cos [q(r-r′)]} (13)

[u(r) - u(r′)]2 ) 2g∫ dq
(2π)3

1 - cos[q(r-r′)]
(Bqz

2 + Kq⊥
4)2

(14)

êx
or = êy

or = (êz
ord)1/2 (15)

[u(r) - u(r′)]2 = (z - z′)2d
l
ln

êz
or

|z - z′| + [(x - x′)2 +

(y - y′)2]
êz
or

l′ (16)

l = dB3/2K1/2/g; l′ = BK/g (17)

l = l′ = Fd4/N = aN (18)

êz
or = l = aN (19)

êx
or = êy

or = aN3/4 (20)

êz
tr = [dl/ln(l/d)]1/2 = aN3/4(ln N)-1/2 (21)
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bors by Gaussian springs with elastic constant B. There
is a force fj acting on bead j (j ) 1, ..., L) in the direction
normal to the z-axis (along the u-axis, see Figure 3).
Beads can only move along the u direction. We assume
that the forces {fj} are independent Gaussian random
values with zero averge (fj ) 0) and mean square

deviation fj
2 ) g.

The Hamiltonian of this 1 + 1-dimensional model has
the form

The forces fj tend to randomly displace the beads up and
down along the u-axis. Their contribution to the Hamil-
tonian is given by the second sum in eq 22. The
Gaussian springs connecting the neighboring beads tend
to stabilize bead displacement (first sum in eq 22). Note
the strong analogy of this simple one-dimensional model
with our multicomponent network (eq 8).
Consider a section of the array, consisting of n beads,

and let us first ignore its connection to the rest of the
array. The mean square force acting on this section
increases linearly with the size of the section

The elastic modulus of the section of n beads decreases
inversely proportional to the section size,Gm,m+n = B/n.
Therefore, the typical deformation of the section along
the u-axis (the relative displacement of its ends in the
u-direction) is the ratio of the root-mean-square force
(gn)1/2 and the modulus B/n:

The fact that the relative displacement of the ends of
the section of n beads grows faster than linear is the
reason that the tension in the array due to deformations
on the largest length scale (the size of the whole array)
controls the displacement on all length scales. Indeed,
let us assume that our section is the whole array (n )
L). Then the discussion above is correct and the typical
relative displacement of the array ends is

The tension (gL)1/2 due to this formation forces the
relative displacement of beads on smaller length scales

which is larger than the deformation due to the forces
directly acting on this subsection (eq 24). Therefore, we
conclude that the deformation on all length scales in

this simple one-dimensional model depends on the
system size

The reason for this unusual deformation is that the
random forces deform the whole sample stronger than
linear (∼L3/2), creating tension that dominates deforma-
tion on all length scales. We stress that this behavior
is due to one-dimensional elasticity of our simple model.
Similarly, in the network with uncorrelated regions

of size L ) êz
or the displacement correlations on length

scales down to the mesh size depend on the larger length
scale êz

or. The reason for this is that the lamellar
structure displays one-dimensional-like layer compress-
ibility with elastic modulus B (see eq 10). There is no
elastic moduli in the directions along the lamellar
planes. The stiffness of the system in these “soft”
directions is related only to its resistance to lamellar
bending with the splay modulus K.

4. Anisotropically Deformed Networks

The elastic moduli in the soft directions can be
induced by the anisotropic deformation of the sample.
Such deformation breaks the rotational symmetry of the
system. Therefore, there are additional terms in the
free energy (10) representing the system stiffness in
such “soft” directions. The elastic moduli in these
directions are thus proportional to the anisotropy of the
network deformation17

where λR is the relative sample stretching (or compres-
sion) in the R-direction.
The free energy of the deformed network takes the

form

For the stability of the system all the three elastic
moduli in eq 29 have to be positive (B > 0, εx > 0, εy >
0) and therefore the system chooses the direction z
normal to its layers to be directed along the smallest
stretching axis (λz < λx and λz < λy). The free energy of
the anisotropically deformed network (29) can be ex-
pressed in terms of Fourier components of the displace-
ment field uq and the random force density fq (eq 9) as

This free energy can be minimized with respect to the
displacement uq with the result

Figure 3. One-dimensional random force model.

H )
B

2
∑
j)1

L-1

(uj+1 - uj)
2 - ∑

j)1

L

fjuj (22)

(∑
j)m

m+n

fj)
2 ) ∑

j)m

m+n

fj
2 ) gn (23)

x(un+m - um)
2 ≈ xg

B
n3/2 (24)

x(uL - u1)
2 =
xg
B

L3/2 (25)

x(un+m - um)
2 =
xgL
B

n (26)

(un+m - um)
2 ≈ g

B2
Ln2 (27)

εx = λx
2 - λz

2, εy = λy
2 - λz

2 (28)

F ) ∫ dr {12B[(∂u∂z)2 + εx (∂u∂x)
2

+ εy (∂u∂y)
2] +

K(∂2u
∂x2

+ ∂
2u
∂y2)

2

- f(r) u(r)} (29)

F ) ∫ dq
(2π)3 {12 [B(qz2 + εxqx

2 + εyqy
2) +

Kq⊥
4] uqu-q - fqu-q} (30)

uq )
fq

B(qz
2 + εxqx

2 + εyqy
2) + Kq⊥

4
(31)
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The displacement correlation function (eq 12) for aniso-
tropically deformed network takes the form

The integral in the right-hand side of eq 32 converges
at small q (recall that the integral in eq 13 for εx ) εy )
0 diverges at small q). The displacement correlation
function has two different asymptotic behaviors at
different length scales.
At small distances it is estimated in Appendix A for

a general case εx * εy. In a simpler case εx ) εy ) ε the
displacement correlation function at small distances
takes the form

In order to understand the physical meaning of this
expression, let us consider the rotation of an ideal
lamellar structure around the y-axis by a small angle
θx. This rotation can be described by the displacement
u ) ẑ - z. Here the new coordinate ẑ ) z cos θx -
x sin θx. For small rotations the displacement u can be
expanded in angle θx as u(r) - u(r′) ) θx2(z - z′)/2 +
θx(x - x′). Different parts of the structure are turned
by a different angle θx. Therefore, we can express the
mean square average displacement in terms of fluctua-
tion of rotational angle θx

This description can be easily generalized to the case
of local rotation by two angles θx and θy. Comparing
the displacement correlation function obtained above
(expression 33) with eq 34 we find the mean square
angle of plane rotation

This picture is valid only as long as the mean square

values of the angles θx
2 and θy

2 are small. The condi-

tion θx
2 = θy

2 = 1 is the onset of global orientational
ordering of lamellar planes. This condition corresponds
to stress anisotropy

At higher anisotropy ε> εc there is a global orientational
order with lamella planes, on average, perpendicular to
the z-axis (direction of the smallest elongation).
The displacement correlation function at large dis-

tances can be estimated from eq 32 by neglecting the
term due to splay ∼K (see Appendix A)

The crossover between the two limiting behaviors of the
displacement correlation function (eqs 33 and 37) occurs
at length scales

Note that at the threshold of the anisotropy effects ε =
εc these crossover length scales (eq 38) coincide with the
corresponding dimensions of the correlation volume, eqs
19 and 20, and eq 33 coincides with (16).
The two asymptotic expressions of the displacement

correlation function (eqs 33 and 37) describe two dif-
ferent types of deformations of the lamella planes on
different length scales. At distances shorter than the
crossover lengths {êz

or, ê⊥
or} the relative displacement of

the planes corresponds to their simple rotation (eq 34)
by random angles. Deformation of the lamellar struc-
ture on larger length scales is a random bending of
layers. On these length scales the normal to the
lamellar planes fluctuates around the z-axis by a small
angle. Thus the structure has a long-range orienta-
tional order.
The energy cost of rotation of the lamellar planes in

anisotropically deformed network grows with the in-
creasing size of rotated regions. This leads to the
decrease of the average sizes êz

or and ê⊥
or of these

regions with increasing anisotropy parameter ε, which
is described by eq 38. For extremely large anisotropy
(ε g 1) the rotation of lamellar planes is strongly
suppressed and they are ordered in sandwich-like
structure. Note that even in this case there is no long-
range translational order because of fluctuations of
domain widths with variations of local density of cross-
links which is frozen-in during the process of network
preparation.
We now discuss the limits of validity of our theory.

In general, the free energy of the structure can be
expanded in powers of displacement tensor, eq 29. The
Gaussian character of displacement fluctuations is valid
only for small values of ∂u/∂z. Estimating the mean
square of this value using eqs 14 and 33, we find

(∂u/∂z)2 ≈ d/l ≈ N-1/2. This allows us to neglect the
non-Gaussian character of the fluctuations.

5. Structure Factors

Consider, for simplicity, the symmetric composition
of components A and B with uniform total density FA(r)
+ FB(r) ) F ) const, where FA(r) and FB(r) are mono-
meric densities of the components A and B at position
r. Define the compositional deviation of component A
(or B) from its average (over the whole sample) value
F/2

In an ideal lamellar mesophase this compositional
difference can be expanded in Fourier series as

êz
or = d/ε ) aN1/2/ε (38)

êx
or = êy

or = ê⊥
or = d/xε ) aN1/2

ε
-1/2

ψ(r) ) FA(r) - F/2 ) -(FB(r) - F/2) (39)

ψ(z) ) ∑
n)-∞

∞

ψne
iQ(2n+1)z (40)

[u(r) - u(r′)]2 )

2g∫ dq
(2π)3

1 - cos[q(r-r′)]
[B(qz

2 + εxqx
2 + εyqy

2) + Kq⊥
4]2

(32)

[u(r) - u(r′)]2 =
d
l {(z - z′)2 ln d

ε|z - z′| +
1
ε
[(x - x′)2 + (y - y′)2]} (33)

[u(r) - u(r′)]2 =
θx

4

4
(z - z′)2 + θx

2(x - x′)2 (34)

θx
2 = θx

2 =
d
lε

=
1
xNε

(35)

εc = d/L = N-1/2 (36)

[u(r) - u(r′)]2 )
d2

lε x(z - z′)2 + 1
ε
[(x - x′)2 + (y - y′)2] (37)
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where the wave vector Q is related to the period d of
the structure Q ) 2π/d and is directed along the z-axis.
In the strong segregation limit the Fourier amplitudes
ψn have the form

The scattering from such ideal structure produces
δ-peaks at wave vectors (2n + 1)Q with the amplitudes
|ψn|2.
Random forces, acting on the lamellae, cause dis-

placements u(r) from this ideal structure. The compo-
sitional deviation ψ(r) in such nonideal state can be
expressed in terms of this displacement field u(r)
through the Fourier series

where the amplitudes ψn are still given by eq 41 in the
strong segregation limit.
Since light, X-rays, and neutrons are scattered by

composition deviations, we need to calculate the cor-
relation function of these composition deviations. This
calculation is described in detail in Appendix B with the
result

The structure factor S(q) is the Fourier component of
this correlation function and is calculated in Appendix
B in the general case of anisotropic deformation of the
network (εx * εy). For simplicity, we limit our consid-
eration below to a uniaxially compressed network with
single anisotropy parameter εx ) εy ) ε. There are three
characteristic regions depending on this parameter.
1. In the case of small anisotropy of deformation (ε

< εc = N-1/2) the scattering function

is spherically symmetric (does not depend on the direc-
tion of the wave vector q). As can be seen from the 3D
plot S1(qz,q⊥) in Figure 4a, it reaches its maximum at q
) Q. This maximum is sharp with the width inversely
proportional to the translational correlation length êz

tr

= aN3/4(ln N)-1/2 (see eq 21).
2. In the case of intermediate anisotropy, εc < ε <

εc
1/2, the long-range lamellar order appears. In this

regime the main contribution to the structure factor
comes from random rotation of lamellar planes, eq 33,
and the structure factor is

Figure 4. Three-dimensional plot of the structure factors S(qz,
q⊥) of the microphase-separated network. The number of
monomers between cross-links is N ) 100. (a, top) Unde-
formed network (ε ) 0); (b, middle) Intermediate anisotropy
regime (ε ) 0.2); (c, bottom) Strong anisotropy regime (ε )
0.5).

ψn ) 2iF
π(2n + 1)

(41)

ψ(r) ) ∑
n)-∞

∞

ψne
iQ(2n+1)[z-u(r)] (42)

ψ(r) ψ(r′) ) ∑
n)-∞

∞

|ψn|2 exp {iQ(2n + 1)(z - z′) -

Q2(2n + 1)2

2
[u(r) - u(r′)]2} (43)

S1(q) = F2d2êz
tr exp [-(êz

tr)2(q - Q)2] (44)

S2(q) ) F2êz
tr (ê⊥

tr)2 ∑
n)-∞

∞ 1

(2n + 1)5
×

exp[-
(êz

tr)2 (qz - (2n + 1)Q)2 - (ê⊥
tr)2q⊥

2

2(2n + 1)2 ] (45)
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The translational correlation lengths along and perpen-
dicular to the z-direction are

At the threshold of the anisotropy effects, ε = εc, the
maxima of the structure factors at small and intermedi-
ate anisotropy coincide, S1(Q) ) S2(Q). In the crossover
region ε ∼ εc the structure factor can be written in the
form

Here p(ε) ) e-ε/εc is the probability that the directions
of lamellar planes are pinned by random forces within
the corresponding correlation regions (see Appendix C).
The plot of the scattering function (47) is shown in
Figure 4b. This picture clearly demonstrates the ap-
pearance of pronounced peaks at wavevectors (Q. The
height of these peaks grows linearly with the parameter
of anisotropy ε. The width of the peaks in the direction
normal to the wave vector of the structure is inversely
proportional to the translational correlation length
ê⊥
tr. This width is of the order of wave vector Q at the
crossover between the weak and intermediate anisotro-
pies (ε = εc) and decreases with increasing anisotropy
as ε-1/2.
3. In the case of strong anisotropy, εc1/2 < ε, only the

random bending of lamellar layers, eq 37, contributes
to the structure factor

where the translational correlation length in the z-
direction is

The corresponding correlation length in the directions
along the lamellar plate is

Note that the higher order peaks at wave vectors (2n +
1)Q are hard to observe, as their heights fall off as (2n
+ 1)-8 (|2n + 1|-5 for intermediate anisotropies). The
peaks at wave vectors (Q are extremely sharp as shown
in Figure 4c. The height of these peaks is a strongly
increasing function of anisotropy (∼ε4). The width of
the peaks is decreasing inversely proportional to the
corresponding translational correlation lengths (eqs 49
and 50). The asymmetry of the peaks is decreasing as
êz
tr/ê⊥

tr = ε-1/2 with anisotropy of deformation.
The orientational correlation lengths êz

or and ê⊥
or are

decreasing functions of the parameter of anisotropy ε,
while the translational correlation lengths êz

tr and ê⊥
tr

are increasing functions of ε, as can be seen in Figure
5. At low and intermediate anisotropies (for ε < εc

1/2)
the orientational correlation lengths êz

or and ê⊥
or deter-

mine the sizes of the correlation region. Inside this

region the deformation of the structure is related to the
rotations of the layers. These rotations lead to loss of
translational correlations at distances êz

tr and ê⊥
tr. The

orientational and translational correlation lengths co-
incide at the crossover between intermediate and strong
anisotropies

In the region of strong anisotropies (for ε > εc
1/2) the

translational correlation lengths are longer than the
orientational ones (êz

tr > êz
or, ê⊥

tr > ê⊥
or). The deformation

on small length scales (up to orientational correlation
length) corresponds to rotation of the layers. The
displacement field u at length scales êor is still small
compared to layer spacing d. At larger length scales
the directions of rotation are not correlated with each
other. The mean square displacement field grows
linearly with the distance and reaches d2 at transla-
tional correlation length scales êtr. Note that the pairs
of orientational and translational correlation length
have the same asymmetry (up to logarithmic correc-
tions, see eqs 46, 49, 50, and 38)

6. Conclusion
Microphase separation in polymer networks is sig-

nificantly different from that in block and graft copoly-
mers. The main reason for this difference is the
existence of quenched random forces acting on lamellar
planes from the network, which are balanced by elastic
deformations of the network. These forces destroy the
long-range order in the microphase-separated networks.
The short-range order is still presented, but the lamellar
planes are rotated with respect to each other (see Figure

Figure 5. Double logarithmic plot of the orientational and
translational correlation lengths as functions of anisotropy
parameter ε: (a, top) Correlation lengths êz

or and êz
tr in the

direction of weakest anisotropy; (b, bottom) Correlation lengths
ê⊥
or and ê⊥

tr in the plane normal to the direction of weakest
anisotropy.

êz
tr = (dl/ln d

lε2)1/2 = aN3/4(ln 1
xNε2)

ê⊥
tr = (dlε)1/2 = aN3/4 xε (46)

S(q) ) p(ε) S1(q) + (1 - p(ε))S2(q) (47)

S3(q) =
F2

l
∑
n)-∞

∞ [(qz - (2n + 1)Q)2 + εq⊥
2 +

(2n + 1)4

(êz
tr)2 ]-2

(48)

êz
tr = lε = aNε (49)

ê⊥
tr ) ε

1/2êz
tr = aNε3/2 (50)

êz
or = êz

tr = (dl)1/2 = aN3/4

ê⊥
or = ê⊥

tr = d3/4l1/4 = aN5/8} at ε = εc
1/2 = N-1/4 (51)

êz
or

ê⊥
or

=
êz
tr

ê⊥
tr

= ε
-1/2 (52)
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2). The length scales at which this rotation reaches
angles of order unity define the orientational correlation
lengths. At length scales larger than these orientational
correlation lengths the lamellar planes are turned by
random angles with respect to each other. The scat-
tering from such structure is spherically symmetric with
a peak independent of the direction of the scattering
wavevector.
Upon anisotropic deformation of the network, normals

to the lamella planes tend to turn into the direction of
the weakest stretching. The deviations of the normals
from this preferred direction decrease with increasing
anisotropy. These deviations correspond to the rotation
of lamella planes inside orientational correlation re-
gions. On large length scales the correlations between
these rotations are lost leading to random bending of
lamella. The size of the orientational correlation volume
decreases with increasing anisotropy. The scattering
from these anisotropically deformed microphase-sepa-
rated networks has two pronounced peaks in the weak-
est stretching direction. The height of these peaks
rapidly increases and their width decreases with ani-
sotropy. This is the signature of a long-range orienta-
tional order. The lamellar planes can be rotated by
changing the direction of weakest stretching. These
interesting effects can also be observed by transmission
electron microscopy of freeze-dried samples.18

Note that the destruction of the lamellar order in
polymer solids is different from that in polymer liquids
subjected to an external quenched random field.19 The
random forces in polymer networks are an inevitable
ingredient due to the random nature of the cross-linking
process, while the random quenched field is not intrinsic
to polymer liquids. To destroy the long-range order one
has to place the block copolymer liquid into the random
medium with the special correlation properties (with the
correlation radius of the random field of the order of
block size). Another difference is the presence of the
long-range elastic stresses in polymer networks. These
stresses restore the long-range order under the aniso-
tropic deformation of the network.
The networks discussed in the present paper were

assumed to be prepared (cross-linked) in the homoge-
neous state of the blend but studied in the microphase
separated state of the network. The temperature dif-
ference between these two states can be quite large due
to suppression of the microphase separation transition
by cross-links.2,3,6,11,12 This fact could make it quite
difficult to find an experimental system with wide
enough temperature window to include both of these
states. One possible way to overcome this difficulty is
to cross-link the network in a common solvent for both
A and B polymers and to induce the microphase separa-
tion either by removing the solvent or by changing the
relative quality of the solvent for the two polymers.
The first approach was recently used by Sakurai et

al.18 in a series of very interesting experiments. Tri-
blocks of polystyrene-polybutadiene-polystyrene were
cross-linked in a diocryl phthalate solvent in a homo-
geneous state. The solvent was later evaporated from
the homogeneous gel, leading to microphase-separated
network. This dry network was investigated by both
transmission electron microscopy and small-angle X-ray
scattering. These experiments clearly demonstrate that
the cross-linking leads to the disorder of microphase-
separated states in agreement with the predictions of
the present paper. Unfortunately, the networks were
not deformed in a controlled way to enable us to make
a more quantitative comparison with our theory.

We hope that the future experiments will verify our
predictions of the stress-induced ordering in microphase
separated networks.
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Appendix A
Calculation of Displacement Correlation Func-

tion. Here we calculate the displacement correlation
function for the general case of anisotropically deformed
network, eq 32, for both short and long distances |r -
r′|. In the case of short distances we can expand
cos [q(r - r′)] in powers of r - r′ to find

with

where ε(æ) ≡ εx cos2 æ + εy sin2 æ and we have replaced
the integration variables

The cutoff qcut = |z - z′|-1 is determined by the limits
of the validity of the expansion of cos[q(r - r′)].
Performing the integration over qz we find

The integration over q⊥ can be carried out in the above

[u(r) - u(r′)]2 ) (z - z′)2Iz + (x - x′)2Ix +

(y - y′)2Iy (A1)

Iz =
g
2π3 ∫0π dæ ∫0∞ dq⊥ ∫0qcut dqz ×

qqz
2

{B[qz
2 + q⊥

2
ε(æ)] + Kq⊥

4}2
(A2)

Ix ) g
2π3 ∫0π dæ ∫0∞ dq⊥ ∫0∞ dqz ×

q3 cos2 æ
{B[qz

2 + q⊥
2
ε(æ)] + Kq⊥

4}2
(A3)

Iy ) g
2π3 ∫0π dæ ∫0∞ dq⊥ ∫0∞ dqz ×

q3 sin2 æ
{B[qz

2 + q⊥
2
ε(æ)] + Kq⊥

4}2
(A4)

q ≡ (qx, qy, qz) ) (q⊥ cos æ, q⊥ sin æ, qz) f (qz, q⊥, æ)

Iz ) g
4π3 B3/2 ∫0π dæ ∫0∞ dq⊥ ×

{ 1
[Bε(æ) + Kq⊥

2]1/2
arctan

B1/2qcut
q⊥[Bε(æ) + Kq⊥

2]1/2
-

qB1/2qcut
Bε(æ) q⊥

2 + Kq⊥
4 + Bqcut

2} (A5)

Ix ) g
8π2 B1/2 ∫0π dæ ∫0∞ dq⊥

cos2 æ
[Bε(æ) + Kq⊥

2]3/2
(A6)

Iy ) g
8π2 B1/2 ∫0π dæ ∫0∞ dq⊥

sin2 æ
[Bε(æ) + Kq⊥

2]3/2
(A7)
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expressions with the result

After the integration over æ we get

Substituting these results (A11)-(A13) into eq A1 we
obtain the expression for the displacement correlation
function at short distances:

The displacement correlation function at long dis-
tances can be estimated from eq 32 by neglecting the
term due to splay ∼K. The integration over q can be
performed using the change of variables

In the new variables the displacement correlation
function takes the form

The crossover between the two limiting behaviors of the
displacement correlation function (eqs A14 and A15)
occurs at length scales êz

or, êx
or, and êy

or in corresponding
directions z, x, and y

Appendix B
Calculation of the Structure Factor. Below we

calculate the correlation function ψ(r) ψ(r′) of the
composition deviations ψ(r) and the corresponding

structure factor Sq. Note that this function is normal-
ized by the condition

which allows us to find the maximum Smax of the
function Sq at q ) Q in the case of undeformed network.
Using the fact that this function is spherically sym-
metric and depends only on the modulus of the wave
vector q, we can rewrite the integral (B1) in the form

Since the scattering function Sq has a sharp maximum
at q ) Q with the width (êz

tr)-1, we can approximate the
integral by

Substituting this estimate into eq B1, we find that Smax
= F2 d2êz

tr. Neglecting non-Gaussian logarithmic de-
pendence of the displacement correlation function, eq
16, we can represent the function Sq in the form (44).
The correlation function of the anisotropically de-

formed network requires more refined calculations. The
composition deviations of a nonideal structure in the
limit of strong segregation can be expressed through the
displacement u(r) from the ideal structure using the
Fourier series representation (eq 42)

where the amplitudes ψn are those of the ideal structure
(eq 41)

The correlation function of composition deviations is

Neglecting the non-Gaussian character of the fluctua-
tions of the displacement field u(r), we transform the
average of an exponential into the exponential of the
corresponding correlation function

Thus, we need to calculate

Since the averages are taken over the random force,

Iz ) g
16π2 B3/2 K1/2 ∫0π dæ ln

4K1/2qcut
eB1/2

ε(æ)
(A8)

Ix ) g
8π2 B3/2 K1/2 ∫0π dæ cos2 æ

ε(æ)
(A9)

Iy ) g
8π2 B3/2 K1/2 ∫0π dæ sin2 æ

ε(æ)
(A10)

Iz ) g
16π B3/2 K1/2

ln
16K1/2qcut

eB1/2(εx
1/2 + εy

1/2)2
(A11)

Ix ) g
8π B3/2 K1/2

1
εx
1/2 (εx

1/2 + εy
1/2)

(A12)

Iy ) g
8π B3/2 K1/2

1
εy
1/2 (εx

1/2 + εy
1/2)

(A13)

[u(r) - u(r′)]2 =
d
l [(z - z′)2 ln d

(εx
1/2 + εy

1/2)2 |z - z′|
+

(x - x′)2

εx
1/2 (εx

1/2 + εy
1/2)

+
(y - y′)2

εy
1/2(εx

1/2 + εy
1/2)] (A14)

{ẑ ) z, x̂ ) x/xεx, ŷ ) y/xεy} and {q̂z ) qz, q̂x )

qxxεx, q̂y ) qyxεy}

[u(r) - u(r′)]2 )
g

B2(εxεy)
1/2 ∫ dq̂

(2π2)3
1 - cos[q̂(r̂-r̂′)]

q̂4
=

d2

l(εxεy)
1/2 [(z - z′)2 +

(x - x′)2

εx
+
(y - y′)2

εy ]1/2 (A15)

êz
or =

d

xεxεy
, êx

or = êy
or = d( 1

xεx
+ 1

xεy) (A16)

∫ dq
(2π)3

Sq ) ψ2(r) ) F2 (B1)

∫ dq
(2π)3

Sq ) ∫ dq
2π2

q2Sq (B2)

∫ dq
(2π)3

Sq = Q2(êz
tr)-1 Smax (B3)

ψ(r) ) ∑
n)-∞

∞

ψne
iQ(2n+1)[z-u(r)] (B4)

ψn ) 2iF
π(2n + 1)

(B5)

ψ(r) ψ(r′) ) ∑
n)-∞

∞

∑
n′)-∞

∞

ψnψ-n′ exp{iQ[(2n + 1)z -

(2n′ + 1)z′]} exp{-iQ[(2n + 1)u(r) - (2n′ + 1)u(r′)]}
(B6)

exp{-iQ[(2n + 1)u(r) - (2n′ + 1)u(r′)]} )

exp{- Q2

2
[(2n + 1)u(r) - (2n′ + 1)u(r′)]2} (B7)

[(2n + 1)u(r) - (2n′ + 1)u(r′)]2 ) (2n + 1) ×
(2n′ + 1) [u(r) - u(r′)]2 + 2(2n + 1)(n - n′)u2(r) +

2(2n′ + 1)(n′ - n)u2(r′) (B8)
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acting on the lamellae (due to different possible ways

of cross-linking the system) the value u2(r) should not

depend on coordinate (u2(r) ) u2(r′) ) u2) and we
rewrite the correlation function (B6) as

Let us estimate the average value of the mean square

displacement u2. The average over random forces at a
given position r is equivalent to the average over the
volume of the sample for a given quenched configuration
of random forces. The relative positions of lamellae are
well correlated only up to the distance êz

tr:

For definiteness, we choose the value of u of the order
of the lamellar thickness d near z ) 0 (note that this
choice is arbitrary but has to be made once for the
sample). Then the mean square displacement grows
linearly with the distance along the z-direction between
this origin and the point of interest u2(z) = d2z/êz

tr and
at the sample boundary it is u2(Lz) = d2Lz/êz

tr. There-
fore, the mean square value of the displacement aver-
aged over the whole sample grows linearly with the
sample thickness Lz:

Thus we can neglect the terms with n * n′ in the double
summation for the composition correlation function (B9)
because

is exponentially small in the case Lz . êz
tr. Conse-

quently, there is only single sum (n ) n′) left in eq B9

where ψn are defined in eq B5 and the displacement
correlation function is given by eqs 33 and 37. The
structure factor is the Fourier transform of the correla-
tion function (which is only a function of the vector r -
r′) ψ(r) ψ(r′) ) ψ(r-r′) ψ(0)

We now estimate the integral in eq B12 for different
degrees of anisotropy of the network deformation. In
the case of weak anisotropy, (εxεy)1/2 , d/l, only small

distances r contribute to the integral (B12):

The crossover lengths êz
or, êx

or, and êy
or were defined in

eq A16. With logarithmic accuracy we can make the
substitution

in expression A14 for the displacement correlation
function. Substitution the resulting expression into eq
B12, we can perform the Gaussian integration over r.
The result of this integration is

where the translational correlation lengths êz
tr, êx

tr, and
êy
tr are defined by equations

In the case of strong anisotropy ε . d/l, the main
contribution to the integral (B12) comes from the region
|z| . êz

tr, |x| . êx
tr, and |y| . êy

tr. Therefore, we have to
use the asymptotic expression (A15) for the displace-
ment correlation function in eq B12. The integration
over r can be performed using the change of variables

In these new variables the structure factor takes the
form

Integrating this expression over r̂ and substituting the
value of the amplitude ψn into eq B16, we finally obtain

ψ(r) ψ(r′) ) ∑
n)-∞

∞

∑
n′)-∞

∞

ψnψ-n′ exp{iQ[(2n + 1)z -

(2n′ + 1)z′]} exp[-2Q2(n - n′)2u2] ×

exp{-
Q2

2
(2n + 1) (2n′ + 1) [u(r) - u(r′)]2} (B9)

|u(z + êz
tr) - u(z)| ∼ d

u2 = d2Lz/êz
tr (B10)

e-2Q2(n-n′)2u2 = e-8π2(n-n′)2Lz/êz
tr

ψ(r) ψ(r′) ) ∑
n)-∞

∞

|ψn|2 exp{iQ(2n + 1)(z - z′)} ×

exp{-
Q2

2
(2n + 1)2[u(r) - u(r′)]2} (B11)

Sq ) ∫ dr ψ(r) ψ(0)e
-iqr ) ∑

n)-∞

∞

|ψn|2 ∫ dr e-iqr ×

exp[iQ(2n + 1)z - (2n + 1)2
Q2

2
[u(r) - u(0)]2] (B12)

|z| ∼ êz
tr = (dl/ln d

l(εx1/2 + εy
1/2)4)1/2

|x| ∼ êx
tr = [dlεx

1/2(εx
1/2 + εy

1/2)]1/2 , êx
or

|y| ∼ êy
tr = [dlεy

1/2(εx
1/2 + εy

1/2)]1/2 , êy
or (B13)

ln d
(εx

1/2 + εy
1/2)2|z|

f ln d
(εx

1/2 + εy
1/2)2 êz

tr

Sq )
F2

êxêyêz
∑
n)-∞

∞ 1

(2n + 1)5
×

exp[-
(êz

tr)2(qz - (2n + 1)Q)2 - (êx
tr)2qx

2 - (êy
tr)2qy

2

2(2n + 1)2 ]
(B14)

êx
tr = [dlεx

1/2(εx
1/2 + εy

1/2)]1/2

êy
tr = [dlεy

1/2(εx
1/2 + εy

1/2)]1/2

êz
tr = (dl/ln d

l(εx
1/2 + εy

1/2)4)1/2 (B15)

{ẑ ) z, x̂ ) x/xεx, ŷ ) y/xεy} and

{q̂z ) qz - (2n + 1)Q, q̂x ) qxxεx, q̂ ) qyxεy}

Sq ) ∑
n)-∞

∞

|ψn|2 xεxεy ∫ dr̂ e-iqr ×

exp[-(2n + 1)2êz
-1|r̂|] (B16)

Sq ) g (2FQ

πB )2 ∑
n)-∞

∞

[(qz - (2n + 1)Q)2 + εxqx
2 +

εyqy
2 + (2n + 1)4/(êz

tr)2]-2 (B17)
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where the correlation length êz
tr is given by the expres-

sion

Appendix C
Pinning of Lamellar Planes. The anisotropy leads

to the rotation of the direction normal to the lamellar
planes into the direction of the smallest stretching. To
describe this effect we consider the model in which there
are only two types of correlation regions: rotated by the
anisotropy or pinned by the random forces and estimate
the probability for these correlation regions to be pinned

Here Fanis is the energy of the anisotropy and ∆Fcorr is
the free energy difference of rotated and pinned cor-
relation regions. The random forces, acting on the
lamellar plates, are uncorrelated on length scales d.
Thus, there are Vcorr/d3 independent random variables
in the volume of the correlation region

Here we used eqs 19 and 20 and the definition (36) of
εc. Due to the Gaussian character of these variables,
the variation of the free energy of correlation regions
about its average Fh corr under the rotation of lamellar
planes can be estimated as ∆Fcorr ) Fh corr/(Vcorr/d3)1/2.
Substituting this expression into eq C1 and estimating
the energy of the anisotropy as Fanis = εFh corr we finally
find

Note that the rotation of lamellar planes could be very
slow due to high energy barriers and it would take a
long time for the system to reach the equilibrium.
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êz
tr ) 8πB2d2(εxεy)

1/2/g (B18)

p(ε) ≈ exp(-Fanis/∆Fcorr) (C1)

Vcorr ) êz
or(ê⊥

or)2 = d3/εc
2 (C2)

p(ε) ≈ exp(-ε/εc) (C3)
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